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Representativity and waist of cable knots
Roma´n Aranda, Seungwon Kim and Maggy Tomova
Abstract
We study the incompressible surfaces in the exterior of a cable knot and use this
to compute the representativity and waist of most cable knots.
1 Introduction and definitions
Let K ⊂ S3 be a knot and let S be a closed orientable surface containing K. Follow-
ing [12], we define the representativity of the pair (S,K) as the minimal intersection
number |K ∩ ∂D| over all the compressing discs for S in S3. Denoted as r(S,K), the
representativity of (S,K) measures how many times the knot is “wrapping” the surface
S.
The representativity of K is the maximal number of r(F,K) among all the closed
orientable surfaces F ⊂ S3 that contain the knot. In other words,
r(K) = max
K⊂F
min
D
|∂D ∩K|
This knot invariant had been studied by M. Ozawa and it is known for several classes
of knots: torus knots, 2-bridge knots, and composite knots. There are also bounds for
algebraic knots and knots with Conway spheres, see [12]. Recently, Kindred determined
that all alternating knots have representativity 2, [6].
Similarly, if F ⊂ S3 is a closed incompressible surface in the exterior of a knot K,
the waist of K, waist(F,K) of (F,K) is the minimum number of intersection |D ∩K|,
between K and the compressing discs for F in S3. The waist of K is the maximum
number waist(F,K) among all the closed incompresible surfaces in the exterior of K.
In other words,
waist(K) = max
K⊂F
min
D
|∂D ∩K|
It is known that there are many classes of knots with waist one: 2-bridge knots [4],
torus knots [5], twisted torus knots with twists on 2-strands [9], small knots, alternating
knots [8], almost alternating knots [1], toroidally alternating knots [2], 3-braid knots [7],
Montesinos knots [10], and algebraically alternating knots [11].
Let V a solid torus in S3. A cable knot K is an embedded circle in ∂V with slope
p/q with respect to the Seifert framing for V , such that gcd(p, q) = 1 and q > 1. The
number q is called the index of K and V is called the companion of K.
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In this paper we study the behavior of both invariants, representativity and waist,
under the cabling operation. Let K be a (p, q)-cable with companion solid torus V .
The boundary torus of V allows us to obtain the bounds r(K) ≥ p and waist(K) ≥
p · waist(J), where J is a core of V . We will show that, most of the time (see below),
these estimates are exact.
A cable knot is called inconsistent if the knot on the companion torus is not a
boundary slope of the companion knot; i.e., a cable knot is inconsistent if there is no
essential surface in the complement of the torus whose boundary is the knot.
Theorem 1. Let K be an inconsistent cable knot with index p. Then r(K) = p and the
companion torus is the unique surface that realizes the representativity.
In [13], Pardon showed that the distortion of a knot, δ(K), is at least 1
160
r(K). Thus,
the following corollary follows immediately:
Corollary 1. Let K be an inconsistent cable knot with index p. Then δ(K) ≥ p
160
.
Theorem 2. Let K be an inconsistent cable knot with index p. Then waist(K) =
p · waist(J) where J is a companion knot for K.
Recall that by [3], the set of boundary slopes for any knot is finite therefore the above
theorem applies to almost every cable.
In particular for (p, q)-torus knots the set of all boundary slopes is {0, pq} and for
2-bridge knots the set of boundary slopes is a subset of the even integers, [4].
Corollary 2. Let J be either a 2-bridge or torus knot. Then for every cable K of index
p along J , r(K) = p and waist(K) = p · waist(K).
Proof. Every cable knot K with a pattern that is a 2-bridge knot or a torus knot has a
finite, non-integer slope therefore K is inconsistent.
2 Main results
A properly embedded surface F in a 3-manifold M is incompressible if it does not have
any compressing discs. The surface is peripheral if it is boundary parallel. A sphere in
a 3-manifold is essential if it does not bound a ball. The following two lemmas are well
known:
Lemma 1. [14] Every connected orientable incompressible surface in a solid torus is
either a peripheral disc, a peripheral annulus, or a meridian disc.
Lemma 2. [15] Suppose F is a connected, orientable, incompressible surface properly
embedded in a thickened torus T × I. Then F is one of the following:
1. A peripheral disc,
2. A peripheral annulus,
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3. γ × I where γ is an essential simple loop of T ,
4. T × {i}, where i ∈ I.
We will often use the following set up. Suppose K is a cable knot with companion
torus V and let T = ∂V . Let η(K) be an open regular neighborhood of K in S3 and
E(K) = S3 − η(K). Consider a regular neighborhood of T in S3. The boundary of this
neighborhood consists of two tori, T˜ will be the component contained outside of V . Let
V˜ be the 3-manifold bounded by T˜ that contains V with η(K) removed. Observe that V˜
is a solid torus intersected with the exterior of K. Let F˜ = F − V˜ . Let AK = T − η(K).
The boundary of AK partitions ∂E(K) into two annuli ∂
+E(K) and ∂−E(K). Let
T± = AK ∪ ∂
±E(K). Without loss of generality, we assume that T− is the torus which
bounds a solid torus V − ⊂ V which does not contains K. Also let W be a thickened
torus which is bounded by T+ and T˜ . Let FW = F ∩W and F− = F ∩ V −.
Lemma 3. Let K be a cable knot with companion torus V and let F be an incompressible
and boundary incompressible surface in S3 − η(K) possibly with boundary. There exists
an isotopy of F which minimizes (|F ∩ T˜ |, |F ∩AK |) so that F satisfies the following:
1. Every component of F˜ is incompressible and boundary incompressible in S3 − V˜ .
2. Every component of FW is incompressible in W .
3. Every component of F− is incompressible in V −.
4. Every component of F ∩ V˜ is incompressible and boundary incompressible in V˜ .
Proof. First, we show that we can isotope F so that F˜ is incompressible in S3 − V˜ .
Isotope F so that |F ∩ T˜ | is minimal. Suppose that F˜ is compressible in S3 − V˜ with
a compressing disc D. Since F is incompressible, ∂D bounds a disc D′ in F such that
D′ ∩ T˜ 6= ∅. Since E(K) is irreducible, D ∪D′ bounds a ball. So we can isotope D′ to
remove the intersection D′∩T , reducing the intersection T˜ ∩F , which contradicts |F ∩ T˜ |
is minimal. Every component of F˜ is not boundary compressible since the only properly
embedded incompressible, boundary compressible surface in solid torus complement is
peripheral annulus, which can be isotoped to reduce the number of intersections.
Note that by the same argument, F ∩ V˜ is incompressible in V˜ .
Now, we show that F∩V˜ is boundary incompressible. Suppose that F∩V˜ is boundary
compressible. Since F is already boundary incompressible in E(K), there is a boundary
compressing disk D with ∂D = α ∪ β, α ⊂ T˜ and β ⊂ F ∩ V˜ an essential arc. Since
|F ∩ T˜ | is minimal, α must connect the same component σ of F ∩ T˜ , and because T˜ is a
torus and F is orientable, α ∪ σ must bound a bigon on T˜ . By slightly pushing into V˜
the union of this bigon with D, we obtain a disc for F ∩ V˜ . But F ∩ V˜ is incompressible
so exist a disc in F ∩ V˜ with the same boundary that the latter compression, inducing
a parallelism between β into the boundary of F ∩ V˜ , a contradiction.
Second, we show that we can isotope F ∩ V˜ so that FW is incompressible in W . In
order to do this, isotope F ∩ V˜ , fixing F ∩ T˜ so that |F ∩AK | is minimal. Then, using
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the same argument of the beginning of the proof, F− is incompressible in V −, using the
fact that |F ∩ T−| is minimal. It follows that FW is also incompressible in W .
Proof of Theorem 1. SupposeK is an inconsistent cable knot with a companion solid
torus V . We will use the notation we established in the paragraph before Lemma 3. Let F
be a surface such that K ⊂ F and assume F has been isotoped to satisfy the conclusions
of Lemma 3. As K ⊂ F and K ⊂ V˜ , there are two possibilities; either F is contained in
V˜ or it intersects T˜ .
Case 1: F ⊂ V˜ , i.e., F ∩ T˜ = ∅. In this case we will prove that r(K,F ) ≤ p.
Let f : V˜ → S1 be a Morse function and assume that K and F are in Morse position
and K has no critical points with respect to f . The preimage of every regular value of
f is a meridian disc for V˜ . Let Dt be one such disc and consider its intersection with F .
As F ∩ T˜ = ∅ this intersection consists entirely of simple closed curves. As Dt contains
exactly p points of K and K ⊂ F , there are exactly p points of F contained in the curves
F ∩Dt. In particular, an innermost such curve contains at most p points of K. Note that
such an innermost curve bounds a compressing disc for F and therefore r(K,F ) ≤ p.
Case 2: F ∩ T˜ 6= ∅. In this case we will prove that r(K,F ) ≤ 2.
Consider F ∩ T˜ which is a collection of simple closed curves. If any of these curves are
inessential on T˜ , an innermost such would bound a compressing disc for F disjoint from
K and so we can assume that F ∩ T˜ is a set of parallel loops essential in T˜ . By Lemma
3 it follows F˜ , FW and F− are all incompressible and F˜ is boundary incompressible.
Recall that (|F ∩ T˜ |, |F ∩AK |) has been minimized.
Claim: ∂AK ∩ F 6= ∅.
Proof of Claim: Suppose ∂AK ∩ F = ∅. Note that F intersects AK only in loops by
the hypothesis of the Claim and these loops are essential by Lemma 3.
The surface FW has boundary on both T˜ and T+. By the connectivity of F and
Lemma 2, there exists a non-peripheral annulus. Since one of the boundaries of this
annulus is isotopic to K, every boundary of FW on T+ is isotopic to K. Therefore F ∩ T˜
is isotopic to K. We showed that F ∩ T˜ bounds a incompressible surface in S3 − V˜ , so
each component of F ∩ T˜ is a boundary slope of a companion knot. However, this is not
possible because K is inconsistent.
By the Claim, we may assume that ∂AK ∩ F 6= ∅. Note that AK ∩ F is a set of
simple loops and properly embedded simple arcs on AK . By the minimality assumption
in Lemma 3, all loops of intersection must be essential. Suppose that there exists a
simple arc in AK ∩ F which bounds a disc in AK . Then an outermost such arc bounds
a boundary compressing disc for F , which implies that r(K,F ) ≤ 1. Hence, we can
assume that every simple arc of intersection is essential, hence a spanning arc in AK .
This also implies that there are no essential simple loops of intersection.
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Let Γ± = F± ∩ T±. Then Γ± are sets of essential simple loops on the tori T±. By
Lemma 3 F− is incompressible in V − and therefore Γ− is a set of essential simple loops
in T− and so F− is a set of either peripheral annuli, or meridian discs.
Suppose that F− is a set of peripheral annuli. Take an outermost such annulus A
so that it cuts V − into two solid tori, one of them not containing F−. Notice that
B = F ∩η(K) is also a peripheral annulus which coincides with A in pairs of consecutive
arcs in ∂−E(K). When pushing both A and B towards ∂−E(K), either their projections
on ∂−E(K) coincide or not. If the projections do not coincide, taking a curve like in
Figure 1 we obtain a compression for F intersecting K once. If some of their projections
coincide, sinceA and B agree on their boundaries, both parallelisms induce a compressing
disc for F which intersects K once. Hence r(K,F ) = 1.
Figure 1: The shaded rectangle in AK represents a piece of A, and the curved rectangle
in ∂E(K) represents part of the projection of B on it. Observe that the black curve is
contained in A ∪ B ⊂ F ; going inside η(K) and interseting K once. Here, K can be
thought of as the core of B. Clearly it is a compression for F .
Suppose now that F− is a set of meridian discs. Consider two adjacent meridian
discs D1 and D2. The curves ∂D1 and ∂D2 cobound an annulus A ⊂ T
− with interior
disjoint from F . As above, take the peripheral annulus B = F ∩ η(K) and project it
towards ∂E(K). Let C be a square component of A ∩ AK ; each of the arc components
of ∂C ∩ ∂E(K) either coincide with the projection of B or not. If one arc coincides and
the other does not, we can find a disc such that its boundary intersects K geometrically
and algebraically twice (see Figure 2). Hence, this disc is a compressing disc of F , and
r(K,F ) ≤ 2. If none of the arcs coincide, we can find two discs which intersect K geo-
metrically twice but algebraically 0 times (see figure 3). However, the boundaries of the
two discs intersect once, so both are compressing discs of F . Hence, r(K,F ) ≤ 2. Notice
that if both arcs of ∂C ∩ ∂E(K) coincide, we can replace D2 with the other meridian
disc in F− adjacent to D1 and reach the same conclusion. Therefore r(F,K) ≤ 2.
Proof of Theorem 2. Let F ⊂ S3 be a closed surface disjoint from K such that F is
incompressible in S3 − η(K). We will continue to use the notation established in the
paragraph before Lemma 3. If F ∩ V˜ = ∅ then F is contained in the complement of V˜ . If
D is a compressing disc for F , it will intersect V˜ in meridians and so |D∩K| = p · |D∩J |
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Figure 2: The green loop is a boundary of a compressing disc of F which intersects K
geometrically and algebraically twice.
Figure 3: The green and purple loops are boundaries of discs in the exterior of F in
S3 which intersects K geometrically twice but algebraically zero times. However, they
are transversely intersect once, hence both loops are essential on F , hence, they are
compressing discs of F .
where J is the core of V . Thus waist(K,F ) = waist(J, F ) · p.
Suppose now that F ∩ V˜ 6= ∅, and recall that F−, FW and F˜ are incompressible
in V −, W and S3 − V˜ , respectively (Lemma 3). Moreover, since F is disjoint from
K, ∂(Ak) ∩ F = ∅. By Lemma 2, F
W is either isotopic to T × {i} (in such case
waist(K,F ) = p), or FW contains a non-peripheral annulus. Suppose the latter, then
the components of F ∩ T are isotopic to K and, since K is inconsistent, F˜ must be
the union of boundary parallel annuli in S3 − V which can be pushed inside V˜ . Hence,
FW ∪ F˜ ≃ FW is the union of annuli parallel to annuli in T+. Finally, Lemma 1 implies
that F− is union of peripheral annuli and so F = FW ∪ F− is parallel to ∂η(K), and
thus waist(F,K) = 1.
References
[1] C. Adams, J. Brock, J. Bugbee, T. Comar, K. Faigin, A. Huston, A. Joseph and D.
Pesikoff, Almost alternating links, Topology Appl. 46 (1992) 151–165.
[2] C. Adams, Toroidally alternating knots and links, Topology 33 (1994) 353– 369.
6
[3] A. Hatcher, On the boundary curves of incompressible surfaces, Pac. J. Math. 99
(1982), 373–377.
[4] A. Hatcher and W. Thurston, Incompressible surfaces in 2-bridge knot complements,
Inv Math 79 (1985), 225–246.
[5] W. Jaco, Lectures on Three Manifold Topology, AMS Conference board of Math.
No. 43, 1980.
[6] T. Kindred, Alternating links have representativity 2, arXiv:1703.03393.
[7] M. T. Lozano and J. H. Przytycki, Incompressible surfaces in the exterior of a closed
3-braid I, surfaces with horizontal boundary components, Math. Proc. Camb. Phil.
Soc. 98 (1985) 275–299.
[8] W. Menasco, Closed incompressible surfaces in alternating knot and link comple-
ments, Topology 23 (1984) 37–44.
[9] K. Morimoto, Essential surfaces in the exteriors of torus knots with twists on 2-
strands, preprint
[10] U. Oertel, Closed incompressible surfaces in complements of star links, Pacific J.
Math. 111 (1984) 209– 230.
[11] M. Ozawa, Rational structure on algebraic tangles and closed incompressible surfaces
in the complements of algebraically alternating knots and links, Topology Appl. 157
(2010), 12, 1937–1948.
[12] M. Ozawa, Bridge position and representativity of spatial graphs, Topology Appl.
159 (2012), 4, 936–947.
[13] John Pardon, On the distortion of knots on embedded surfaces, Ann. of Math. (2)
174 (2011), 1, 637–646.
[14] F. Waldhausen, Eine Klasse von 3-dimensionalen Mannigfaltigkeiten. I, II, Invent.
Math. 3 (1967), 308–333. ibid. 4 (1967), 87–117.
[15] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann. of
Math. (2), (1968), 56–88.
7
